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TAMU - CVEN 363 Selected Examples Barroso/Morgan

1 Particle Kinematics

1.1 Weight dropped down a well: Rectilinear motion

1.2 Rotating crane: Polar coordinates

1.3 Car traveling along a path: Path coordinates

1.4 Kite problem: Velocity and Acceleration vectors in multiple coordinate systems

1.5 Slider Pin in Rotating Slider Arm*: Polar Kinematics with coordinate
transformation into Cartesian and path.

2 Particle Kinetics
2.1 Skier: determine acceleration and corresponding ground forces on the skier

2.2 Boxes connected via pulley system on slopes’: Determine tension in cable and
motion after specified time.

2.3 Sliding box with dip in the road: Conservation of energy and Work-Energy
principles

2.4 Getting a box up a slope: Impulse-momentum

2.5 Masses swing and hit: Conservation of energy and momentum principles to
determine how far box will travel along a surface that becomes rough.

2.6 Drop-hammer: Guided masses with plastic impact and supporting spring

2.7 Masses suspended on pulley system with springt: Determine the EoM utilizing
various equilibrium and energy approaches

2.8 Masses between pulley systems and inclined spring: Determine the nonlinear
EoM

2.9 Dropping weight on a flexible platform: Determine EoM and corresponding
initial conditions so as to find response of SDOF system
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2.10 Response of vehicle traveling over harmonic pathf: Determine the steady-state
response and select damping to meet response criteria

2.11 Response of seismic response instrumentf: Determine the EoM, system
response and parameters

2.12 System with motor: Determine the EoM and response of SDOF system with a
rotating unbalanced mass

2.13 Linked Pendulums: Determine linearized EoMs utilizing equilibrium and
energy principles

2.14 Double Pendulum: Determine the nonlinear and linearize EoMs utilizing
equilibrium and energy principles

2.15 Multi-degree of Freedom System with Motor and Support Motion: Determine
the EoMs

3 Rigid Body Kinematics

3.1 Load Lifted by Pulley Systemt: Determine acceleration at various points using
vector equations

3.2 Four Bar Linkaget: Determine response at specific time using vector equations

3.3 Linkage with Sliding Collart: Determine generalized equations using geometric
approach

4 Rigid Body Kinetics
4.1 Sliding Wardrobe: Determine normal force on rollers

4.2 Truck Bed: Force on truck bed exerted by hydraulic jack

4.3 Disk Pulled by Rope on Rough Surface: Check if disk rolls or slips
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4.4 Rolling down the hill without slip: Comparison of solid disk vs. thin shell;
checking no-slip assumption

4.5 Movable Rigid Body Pulley: Determine acceleration and movement of load
supported by a movable pulley system

4.6 Sliding Block and Rotating Cylindert: Determine EoM of MDOF System
assuming cylinder rolls without slip

4.7 Compound Pendulum: Determine EoM of MDOF System

+
Problem used with permission courtesy of Dr. Dara Childs from Dynamics in Engineering Practice, 10"
Edition, CRC Press.
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Problem 1: A wardrobe that weighs 2000 N rests on roller wheels at A and B.
' pushes with a horizontal force of 500 N as shown and the rollers remain on the
 What is the normal force exerted on the roller B.
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Problem 1: A truck’s bed weighs 8,000 Ibs and its moment of inertia about the pivot point at O is 33,000
lb-ft-s%. At the instant shown and using the coordinate system indicated, the center of mass of the truck-

bed is located at x = 12 ftand y

= 14 ft. The coordinates of point B are x = 14 ft and y=121ft. The

coordinates of point O are x = 25ft and y = Oft. If the truck bed has a counterclockwise angular
acceleration of 0.2 rad/s?, what is the magnitude of the force exerted on the bed at 8 by the hydraulic

cylinder AB?
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Problem 5 - The 100 kg cylindrical disk is at rest when a force F = 500 N is applied to a cord wrapped
around it. Both the static and kinetic coefficients of friction between the disk and the surface equals 0.2.
Determine the initial angular acceleration magnitude of the disk and whether the disk slips.
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Problem 3: Two similar rigid body systems are to be analyzed: (a) a solid disk and (b) a thin
circular shell. The two systems are characterized by a total mass M that is uniformly distributed,
and by a cross-sectional radius R. The elements roll without slip down an inclined surface of
angle o with the horizontal as shown.

For both systems, determine:

1) The equation for Linear Acceleration of the center of mass (CM)
(i)  The equation for rotational acceleration about the center of mass
(iii)  The value of the friction needed so that slip does not occur

= 2
Keal( I = M:E and MR £
SoLd "D 1Sk_ THN SHELL

Newton Says :  TF=wma,,
and ZM =1 QCM
Mo

:
s < this FBD Gn Rlor%m’l' both

2 N
i =k = M3,

oL A ‘ M%sCAd”gzM@}
fi ty

N

'Y/

M = LB T
S5 e 50 &.1 "é{é rﬁbo\x\
k%

o8 Eva

et ot






|

35500

oot Disk THiN _SHELL
- B M/ZZ ) . — 2 °°
/JZ’ K == QM '{c R = MR %"

msém.;a Lo Eon 1
) — MR o - 2 / ' - %) =] v
/Vlca Sl = 2 Q= MX f’ Masinol - MR = M

Mw e use Roll w,thout sC\‘Eo = GR=%
? since R=costat = HR = ¥

LR=7%
SoL!D DISK ﬁ/fd SHELL
;'\ = 3 X l\f\ - X
M%’ ol ,Z/v{x /‘/125 A = 2MX

e —

/Z"’" ] '._—h"w C : e __""""‘\\
£ o smol = X) %’ 7 § I = Ky
3¢ o g T

Nl = 0 s casec o
Jurn Yhe seuiD bIsK
( T s L as b?«3>

s
2% .
{1
AN

JoLID  PISk, TH SHECL

”> e

o ¢ 1 Z ‘ =, _ﬁ_soé
‘90\4- 3’% - §CM zr ~"






.l’
pm—

fofe sy # uN (/J’wam/—;)

/f be %und OCJW\ EPNS om 74)/0 oﬁ /02/3
SouD DIk TH/A SHELL
£ = Lgﬁg ,5_—_ MR &

e TR e i
MR 24\ . in

s _g%)S:noL 5;_”1/?%26 oL
_ Ma _ Ma .

Z/;’C———é—%ﬁmj EC— ,éa$mo(J

/f%/\ls 7CIC7%V1 s Mo‘]"
auatlable , THEN Shp
w"/( A4/°/oen :







35500

Problem 2: A suspended object has a weight, W, of 25 1bs. The pulley directly over the object
has a radius of 4 inches and weighs 5 Ibs. The other pulley also has a radius of 4 inches and
weighs 3 Ibs. Both pulleys can be treated as disks with uniform mass. If the force on the
inextensible rope is 25 Ibs:

(a) What is the magnitude of the acceleration of the suspended object?

(b) How far will it have traveled in 1 second if it starts from rest?

(c) What force would be required (instead of the 251bs) for the object to travel upwards 1 ft

in 1 second?
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Problem 3: The cylinder of mass M and radius R rolls with out slipping and is attached to the
cart of mass m by spring kg. Tasks:

(a) Draw the free body diagram for each body.

(b) Obtain the equation of motion for each body. Present the equations in matrix format.
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Problem 5: The compound pendulum system shown below is composed of a rectangular rigid
bar of mass m and length L and a disk at its end of mass M and radius R. The disk is attached to
the bar at its center so as to allow the disk to spin relative to the bar (translations at the
connection are restrained). Derive the equations of motion for this system for small motions and
place them in matrix form.
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Problem S (20 points) The load L shown in the Figure is lowered by the two pulleys which are
fastened together and rotate as a single unit. For the instant represented, drum A has a counter-
clockwise angular velocity of 6 rad/sec, which is decreasing by 4.5 rad/sec®. Simultaneously, drum B has
a clockwise angular velocity of 5 rad/sec, which is increasing by 1.75 rad/sec®.

Task: Calculate the acceleration of point D and the load L.
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Problem 1: The linkage ABDE moves in the vertical plane. Knowing that in the position shown
crank AB has a constant angular velocity o; of 20 rad/sec counterclockwise, determine the
angular velocities and accelerations of the connecting rod BD and of the crank DE. Use vector
equations to solve.
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Problem 3 (Text 4.24) The angular position of link OA shown in Figure Problem 4.16 is given
as a known function of time. Link OA is connected to link CB through the sliding collar A, and
CB is connected to ground by a hinge at C.

| Tasks:
(a). State the general equations defining the orientation of link CB and the distance from C to A.
(b). Sate the general equations defining the angular velocity of link CB.
(c). State the general equations defining the angular acceleration of link CB.
(d). State the general equations defining the acceleration of point B.
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Problem 1 (40 points). Problem 1: A skier (particle P) slides down a mountain trail. The trail can be
described with a path function y(x) as given below:

y(x)=1ooo[1—sin(zzLJ] meters

1000

At x =200 meters, the skier velocity is 50km/hr and his/her acceleration along the path is 0.5g.

(a) Calculate the skier’s acceleration vector in all three coordinate systems: Cartesian, Polar, and
Path. You MUST draw the coordinate systems on the figure at the skier location for credit. (30 pts)

(b) What is the force (expressed in your choice of Cartesian, Polar or Path) the trail exerts on the skier?
Express your answer in vector format using appropriate unit vectors. (10 pts)

1000

800

600

400 ==

Y (meters)

200

0 100 200 300 400 500
X (meters)

Need ' ol and . P22 %)
3,: /aoo[—/goc"s (%ﬂ e @5(/%0
9= 2 </%>>
® o min y = 42-2m
(6’:: - 2.54

b"= 0.0058

Nofe * C/f‘éwl. (s
e

d 0
7%M/gz (Z?‘J=> fo= (8.5 NoT fo Seafe






] <kler ’

7462»'\(9::1 = o=¢dl°

,-/-_ Ly 4

(/+(y))3/z = Z.85 %

™M e =
V= 50 kV /ﬂoO e /3.8 "

7?4,\5}\0”“«\3 Pth o Cufssun = 68.5° cew.
Bben B b D
ay —Sin (635)  co5(685)1/0.055
chock  [a] = \JGo) )= 1.9%
'Fmsgrm}vn Carlsian o Blar = &f, |7 cew

dr ) _ [ eoledd) smelD) |S Les =2°5'Za%
éé’az E Lv‘-\(w-b @3(&/@} ~¢9{§ —3,e§*,z,g

ook [o|= |G aey Gy < 9%

N






l Skwr ‘ %
CAR T 10 Hlar Path
Sy 1
O
4 /g_l;
Ts B 7 \E

jgr% chack a,cc,z[&mﬁﬁ—;n; OQ easoraloly nass -

F AN

dy
all Q(Wear drwon. Yo rcﬂ‘**
@l cry ook e Vseale "3V prtvectr”)
fr CARTESIAN EBD. above

zF =ma = /85 (N)

fzf = may Cféfﬁ?
fy-ma = m (459

R = G.8-450)m= 5,2 ()

G /8(mzu+52loj

1)







Problem 4: The two blocks shown in the figure below are originally at rest. The friction coefficient
(both static and kinetic) is 4= 0.2. Neglect the masses of the pulleys.

Tasks:

(a). Find the acceleration (magnitude and direction) of each block
(b). Find the tension in the cable.

(c). How fast are the blocks going after 1 second?

(d). How fast are the blocks going after block B has moved 1 foot?
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Problem: (Old Exam Problem). A 15 pound block is initially at rest on a rough inclined surface at a

vertical distance of 20 feet above a horizontal plane (see figure below). The coefficient of friction (static

and kinetic) between the block and the inclided surface is K = 0.2, while the transition and the horizontal

surfaces are perfectly smooth (1 = 0.0). A spring with unknown stiffness, k, is positioned at the end of

the horizontal surface — a horizontal distance of 15 feet from the end of the rough slope. What should be

the spring stiffness, k, so that if the block is released from rest then the maximum spring compression is 1
foot?
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Problem 4: (20 pts) A 25 pound block sits on a frictionless surface initially at rest. It will be acted upon

by a dynamic load F(t) that varies linearly with time and is of duration 0.2 mili-seconds. What should be
the peak value of the force, Fy, in order for the block to slide up the curved surface until a peak height of

15 feet?
F(t),
F 0
3
8
b
i
=
0.2 ~t
F(t .
-L 25 Ibs v mili-sec
(a) Problem description (b) Impulsive Force
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Problem 3: (25 points) A 20-kg block (Block 4) is suspended from a 9 meter rope. It swings down as
shown in the figure below and strikes a 10 kg block (Block B). The blocks collide when the rope is
oriented perfectly downwards and is perfectly straight. The coefficient of restitution between the block
has been determined to be 0.6. Block B then travels horizontally along a smooth (frictionless) surface and
eventually travels up a slope that becomes rough. The angle the slope makes with the horizontal is 30
degrees..

Tasks:
a. How long (after block enters the slope) will it be before block B comes to rest? (Note: you don’t
have to worry about whether or not the block will start sliding back down the slope.)
b. How far will it have traveled from the start of the rough section of the slope?
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Problem: (Based on Old Exam Problem). Two blocks, A and B, are mounted on a smooth vertical
track as shown in the Figure 1 below. Block A weighs 15 Ibs while block B weighs 10 Ibs. Block B also
has a spring support at shown, with the spring being undeformed when it is oriented perfectly
horizontally as in the figure 1. Blocks A is to be released from rest when in the position shown in figure
2, with block A at a position of 2 feet above block B, which is at rest in its the static equilibrium position.
When block A hits block B, the two blocks stick together. If the spring stiffness is k = 100 Ib/ft, what is:

a) the maximum stretch of the spring when the two masses first stop moving downwards
b) the position of the two masses when they first stop moving downwards

1 ft
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Problem: Derive the fully nonlinear equation of motion for the system shown below. You may NOT
assume small deformations for any portion of this problem. You may assume that

1. Springs 2 and 3 are pre-stressed so the cables never go slack (i.e. — they are initially in tension).
2. When at equilibrium, spring 1 is undeformed and oriented perfectly vertical.
3. There is no friction in any part of the system and the pulleys are massless.

Be sure to:

a) Clearly and completely define your degree of freedom.

b) Write all kinematic constraint relationships immediately after defining your dof. Specifically,
clearly write a relationship describing the stretch in each spring as a function of your dof.

¢) Draw all relevant Free-Body Diagrams, indicating if using Total Forces or Incremental Dynamic
Forces. If you use strict application of Newton’s 2™ Law, you must also draw the Mass-
Acceleration Diagram. If you use D’Alembert’s Principle, show the inertia force(s) using a wavy
or dashed arrow so as to clearly indicate that this force is a fictitious force.

Apply equilibrium principles and get the nonlinear equation of motion. BOX your final answer.

ky

e

=1

Vl

7
L
4

W
SO\ i
[
.

e e for 11t cors

NS /)O/L&?é% @-end %S/au:ﬁ// ALoNnGg Fhe cbractro~
(_9/ e Soce (~Nor acwAYs VERTICAL) feoso
SAhate z?z,a bt cerm 720..3&749—»\)

Xsy = Frocigortal )
J 5,@,2&” /%‘?A. -’ a(a/\gmﬂﬁz y —

Xes =5%"¢;:ZWMWAMU@ 'eﬂg(_% 520“73 V%dm





Lonermat ¢ Corstadts

X
2 L, )2 = (L/L‘ \/_-—j‘?
'\/X +~ </‘\ > % > L/L(.
DN
xsz— ZX Ok,
X_, = tanx = X ax
ilag My 2
Sy X = Rl

A <3+ C‘/&Qz

—F_E)D - Dy/)QM/'C _Fc;?w @/}&.7 ?emem&r‘ - Hreaco cn
D= Fprlr+& 1D 770.5/'7401"«
SO See an§/es

1, X
A~
fy = K, X
7[;3 -—ijsg—»g | XI::—Q—‘-,& 2 =2 X
Az _—5—’ ;\L_b =2
N2 o TeX W
/ X !
¢, a pebasa ron r ,
v ZZ,@ cabote L=kl /x?r (Ya)? - (Ha)]
ey
ad K £y Ay i oy 0 e e

/97/;(,*— 2 VL

x 2
’ C/m(%,)z ) H
<< < ALK Ky PR Xss +/x2/l+((:q2‘ L/X (% ) il L/")]

==

-[57"{:0

o>

—

+c>2 = 0o

% y Yk, + 4K s Kx <2 r (Fa) - (Ha)l=0
x +ex+ ( 3 ) X e











l

PAD

G
Y

|
|
|

Problem 2: A 50 pound block drops a distance, 4 of 18 inches onto a 100 pound block that is originally
at rest. The 50 pound block sticks to the 100 pound block on impact, and the resulting system has an
undamped period of 0.5 seconds and is 5% critically damped. Then:
a) Determine the displacement response equation of the combined masses from the position of
impact. (Note: you may use any DOF choice in the process). Plot the response showing at least 5
cycles of oscillation. Calculate the location of the system 1.5 seconds after impact from the

position of impact.

b) Utilize the software package Tinker to verify your results. Include a screen-shot with appropriate
plot(s) from the software showing. What parts of the problem can Tinker accurately simulate? If
there are differences, what do you think is the cause? You may want to export the data from the
Tinker plots to better compare with your analytical result.
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35502

1) A vehicle is moving along a path defined by:

[ 2zrX
Yb =A sm( )
L

where A = 0.03 m, L =0.3 m. The vehicle has a constant velocity
v=X=y, ’"/,,

For convenience, assume that it starts at x = 0, then the position of the vehicle can be defined by:

X=X +Xt=0+v (h)(mW)(”"’”)t:X=0.278v0t m

I km

Tests show that the vehicle has a natural frequency of 5 Hz (cycles/sec). The mass of the vehicle
is 750 kg.
Tasks:

(a). Approximately what speed will cause the highest steady-state amplitude for the
vehicle?

(b). Select the a damping value ¢ for the peak running speed in question a such that the
vehicle’s steady-state amplitude will be less than 0.12m.
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CVEN 363 SE 10: Support Motion Barroso

Problem 2: The system shown is a configuration for a seismic motion measurement system. The
system is mounted on a structure that has a vertical harmonic vibration of 15 Hz and double
amplitude, 2A, of 2 mm. The sensing element has a mass m = 2.0 kg, and the spring has a
stiffness k = 1.75 KN/m . The motion of the mass relative to the instrument base is recorded on a
revolving drum and shows double amplitude, 2Yop, 0f 2.2 mm during the steady-state condition.

Task:
(a) Derive the EoM for the system. Use for your degree of freedom the deformation
variable whose response corresponds to the motion plotted by the rotating drum.

(b) Calculate the viscous damping constant ¢

‘_r-H

]

Hint: you must decide if the response plotted by the rotating drum corresponds to total/absolute motion of
the system or the relative motion of the system?
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CVEN 363 SE 11: Rotating Unbalanced Mass Barroso

Problem 2: (Based on Old Exam Problem) For the system shown below, all surfaces are frictionless
and the cables inextensible. A motor located on top of M; can be represented by a small mass of
magnitude m eccentrically placed at a distance e. Given system properties of:

W, =25 1bs, W, = 10 Ibs, w = 2 Ibs, k; = 2 Ib/in, k, = 4 Ib/in, e = 0.001 in

a) Draw the free-body diagram for all masses in the system. Indicate on the drawing what direction
you are assuming as positive motion, and clearly state whether measuring motion from
equilibrium or undeformed spring position.

b) Formulate the equation of motion for the system based on the horizontal motion of M;. Leave
equation in symbolic form.

¢) What is the undamped natural frequency? What is the damping ratio? Leave expressions in
symbolic form.

d) What should the damping coefficient, c, for a single damper be so that the amplitude of dynamic
motion of My in steady-state is 5 inches in the worst case excitation? Hint: what ratio of forcing
frequency to natural frequency creates the worst-case scenario?
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Problem 1: (Old Exam Problem - 25 points) You are given the linked pendulum system shown below,
with degrees-of-freedom 6, and 6; measured counter-clockwise (However, your solution must include a

full definition of these dofs!). The length of the bars supporting the masses are both L. Assume small
angles throughout the problem.

(a) Determine the EoM for the following system using equilibrium (Newton or D’ Alembert).
(b) Determine the EoM for the following system using LaGrange’s equation.

(c) How do the two equations from parts (a) and (b) compare?
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Problem 2: (25 points) Determine the matrix equation of motion for the following system assuming
small rotations of the bar. One degree of freedom is already labeled — you need to decide if any others

exist and what they are. The system is excited by the following:

A ground motion at the left support described by x,()

[ ]
A motor with a rotating unbalanced mass of magnitude m, located at an eccentricity of a. The

L]
motor rotates clockwise at a frequency of @ .
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Problem 1: (25 pts) A weight is dropped down a mine shaft and is heard striking the bottom 7 seconds
later.

a) If the speed of sound is ¢, find the depth / of the shaft as a function of ¢, 7, and the gravitational
constant g. Hint: break up the problem into two events: (1) weight dropping, and (2) sound traveling.

b) If ¢ = 1126 ft/sec and T = 10 sec, what is the numerical value of the depth A?
c¢) If the finite velocity of sound were ignored (in other words, you assumed that you heard the strike at

the exact same time actually hit the bottom), would the depth be overestimated or underestimated?
By how much?
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Problem 1: (25 pts) A weight is dropped down a mine shaft and is heard striking the bottom T seconds later. 
     a)  If the speed of sound is c, find the depth h of the shaft as a function of c, T, and the gravitational
          constant g. Hint: break up the problem into two events: (1) weight dropping, and (2) sound traveling.
    
     b)  If c = 1126 ft/sec and T = 10 sec, what is the numerical value of the depth h?
     c)  If the finite velocity of sound were ignored (in other words, you assumed that you heard the strike at
          the exact same time actually hit the bottom), would the depth be overestimated or underestimated?
          By how much?
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Problem 1: A crane, shown below, is composed of a fixed supporting tower (ABC) and a rotating arm
(BD). The load is supported by a rolling cart as indicated by E. The location of the cart is initially 30 feet
away from the tower support (position B). To move the load, the operator rotates the arm at a rotational

rate of 9, which increases linearly from zero to a maximum value of 1 rpm. At the same time, the

operator moves the cart inward towards B at a rate along the supporting arm of 1+0.5¢ inches per

second to a limiting value of 15 inches per second in magnitude. The limiting values in both radial and
rotational directions are reached at the same time.

a) How long does it take for cart to be within 1 foot of the supporting tower (position B)?

b) What is the magnitude of velocity of the cart at 1 foot away from B?
c) What is the magnitude of acceleration of the cart at 1 foot away from B?
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Problem 2. A car travels at a constant speed of 100 km/hr on a smooth road of increasing grade whose
vertical profile can be approximated by the equation:
y =0.0003x*

given the coordinate system shown when x is measured in meters and the vertical height y is also in
meters. When the horizontal coordinate for the car is x = 400 meters, what are the tangential and normal
components of the car’s acceleration?
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» X
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@3 4 = D yrr e % = ﬂ003(400)2 = Y2

Y N
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o, e 0 > X
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TAMU - CVEN 363 Particle Kinematics Barroso

Problem 1: A kite is let out by a pulley system on the ground. The equation of the kite's path can at any
time be described by: y = (x?)/25 ft. The vertical position is defined as y = 15t. At t = 1.5 seconds, find:
a) The position vector for the kite in Cartesian and Polar coordinates. Take the origin at the pulley
b) The straight distance between the kite and the pulley
c) The velocity vector of the kite. Express that vector in Cartesian, Polar, and Path coordinates
d) The acceleration vector of the kite. Express that vector in Cartesian, Polar, and Path coordinates

Y

A

( X
7,

i i I i
A S S

Given:
X2
y= 2—5 ft — Path equation. Information most closely related to Path coordinates
y =15t ft — Y as a function of time. Most closely related to Cartesian coordinates
Part (a)

Required: The position vector {r} for the kite in Cartesian and Polar coordinates.
Solution:
Need to determine in what coordinate system the problem should be solve in first. Part of given

information is in Path coordinates and part is in Cartesian coordinates.

To solve in Path: need to find speed and acceleration tangent to path before proceeding. Arguably the
harder coordinate system than Cartesian.

To solve in Cartesian: need to find x as a function of time. If we have both x and y as functions of
time, then easy to solve in Cartesian. To express X as function of time:

X
15t)=—
(150 ==3

x* =25(15t) =375t
X =+/375t

Choice: solve problem in Cartesian coordinates first! Draw coordinate system on the figure to
indicate location of origin and positive directions for X and Y.
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By definition:

{rh=x(O)fi} + ()i}
= (V373 ){i} + (1st){} £

Position in Cartesian:

At t=1.5 seconds:

{r}=(V375*15) i} +(15*1.5){j} f

(r}=2372{i}+225{j} #

Note that the answer ONLY makes sense with the coordinate system shown above!!

Showing the vector graphically:

Answer: {r}=23.72{i}+22.5{j} ft

Y (ft)

{} ft
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Position in Polar:  We want to express the SAME position vector {r} but in a different coordinate
system. So locate Polar coordinates:

e Positive Radial direction goes from origin outward towards the point
e Positive Theta direction is 90° counter-clockwise from Radial

So first we need to determine those coordinate directions. Radial will be exactly in the same line as
the position vector {r} we already found. I’ll draw the unit vectors at the point (as that is easier to
visualize), but the origin of the Polar Coordinates is still at the pulley.

0 ! ! ! ! A 4
: : : : 4
: : : {ea}: \ v
25 , , , [ W
E E E E ¥ {eg}
% SRR SN SN S /X S A—
€ 15 S
=

: : : : 2231
I S S I SAN S - A R A

TR 7 pra S——
L0 - : .
{rg} = ;3.?2 HE {t

o 5 10 15 20 25 30
X (ft)

]
'
'
e
]
'
'
'
'
]
'
]
'
'
'

To determine the angle between the positive x-direction and the positive radial direction, we can look
at the right triangle formed by the components of {r}:

tan @ = M = £

In| 23.72
6 =tan"' (0.9486)
6 =43.49°

In Polar coordinates, the entire position vector lies along the Radial direction (that is how the
coordinate system is defined). Now that we have located that direction with the unit vectors in the
figure above, we can write the Position Vector as:

(r}=\(23.72)" +(22.5) {e,} ft

{r}=32.69{e;} ft

Key point: in both coordinate system cases we are representing the exact same vector {r}
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Part (b)
Required: The straight distance between the kite and the pulley.

Solution: The distance is the length of the position vector. Can be found from the expression in
Cartesian or in Polar.

Option 1: From {r} written in Cartesian

distance = magnitude of {r} = H{r}u

[(r}]=(23.72) +(22.5)

Ir}|=32.69 ft

Option 2: From {r} written in Polar
distance = magnitude of {r} = H{r}”

firl=\G2e0)"

Ir}|=32.69 ft

Key point: in both coordinate system cases we are representing the exact same vector {r}, so their
magnitudes/lengths MUST match. Should be used as a check to make sure your answers are correct
when expressing any vector in multiple coordinates.

Part (c)

Required: The velocity vector of the kite. Express that vector in Cartesian, Polar, and Path
coordinates.

Solution: Choose a coordinate system to start. As with position, Cartesian will be easiest since have
x and y as functions of time.

We know position vector is:

(rf=x(Ofi}+y(O) (i} =(V375t ) {i} + (15t) {3} o

Velocity vector in Cartesian: By definition:

vy =x(O{i +y(t) 1}

Need to take derivatives of x and y as functions of time.

X :%zi(\/ﬁ) :%((3750%)

% =%(375t)_% (375)

X =
V375t A
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. dy d
= _ (15t
V=5 " a Y

= ty
y=15 5
Substituting these expressions into the Velocity vector in Cartesian is:

187.5

{V}=W{i}+15{i}%
At t=1.5 seconds:
(V) = s i} 153} ¢
v} =7.906{i} +15{j} I/

Graphically:
30
) — S S S O /- v =15 () fs
e =706 (i) s
1 1 1 E / 1
— i
515' """""" T-=~===°==°=°=° T-=~===°==°=°=° A= ======="% / ': """""" b
= ! ! ! / ! !
5 5 A 5
O S N
i i 7 = =
: : s
: A
S LI ST
1 .F(
: -
A
|:| -'-..-‘ i T T T T
0 5 0 15 20 * 30
A {ft)

Though not asked, lets determine the speed (magnitude of {v}) as that will be the same in all
3 coordinate systems. This will let us know if we make a mistake along the way.

speed = (v} = y/(v, )" +(v, )" =/(7.906)" +(15)’ fy/
[{v}]=16.96 %
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Velocity vector in Polar: We want to express the SAME velocity vector {v} but in a different
coordinate system. So need locate Polar coordinates — which we have done in Part (a). Looking at the
velocity vector together with the unit vectors for Polar:

El . : ;
2 e . FONT I
e ()1 27,906 (i) fUs
' ' ' ) -— Ve '
— : : 4 :
515""""""':’"""""':’ """""" L'} """" / 'i"""""": """"""
- . Va
5 el S 5
IR S - el -
L £ s e
IR
P s ! ! !
T . D
# ‘ 0
-+ \ __,..-"f 1 E 1 1
t.--*‘“'\i([}=-l-_*~ 49° ;
I:I T T T T T
0 5 10 15 gl i Ja
A [ft]

In order to express the vector {v} in Polar, we need to find the component directions of {v} along
{er} and {eg}. We can do this 2 ways:

1. Tackling the full vector {v}:

Determine angle between {v} and x-dir:

e Wl s
{eq) ol A 7906
0 = 43.49° p= tan ™' (1897)
ST T T X poar

To find components, use the difference between the angles 6 and f3:
{VR} = H{V}H cos ( p- 49) {eR} Note: these equation depends on the geometry of the problem.

{Va} = H{V}Hsin (ﬂ - 9) {eg} Draw the figure!!
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Substituting values:

{Ve} = (16.96)cos(62.2" ~43.49" ) {e, } %
{Ve} =(16.96)cos(18.71°) e, } I/
e} =16.1{e,} f%

{v,} =(16.96)sin (62.2" —43.49"){e, } %
{v,} =(16.96)sin (18.71 ) {e, } I/

{v,} =5.44{e,} 1/

So full vector in Polar:

v} =1{Vef +{v}

(v} =16.1{e.} +5.44{e,} 1/

2. Tackling individual vector components {v,} and {v,} and adding their contributions:

Two different ways to draw: (a) oriented with x and y as in original picture, or (b)
oriented so your NEW axes lie in horizontal and vertical directions.

{v,} = 15 {j} ft/s

\
\ Ve

{ee\} {eg) -~ g

0 =43.49°

TN v} = 7.906 {i} U

\
Option (a) Option (b)

7

Since the x and y directions (and therefore components) are perpendicular to one another,
we can determine the angles:

a+y=90°

y=(0=4349)

a=90"-43.49" =46.51°
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Both {v} and {vy} vectors will contribute (have components) along the R and ®
directions. So:
H fleos(e) e}

{Ve} = (
{vo} = (v fsin )+, Hsm e,

Note: these equation depends on the geometry of the problem. Draw the figure!!

Substituting values:

Ve } =(]7.906| cos (43.49) +[15] cos (46.51) ) {e, } %

(V) =(5.736 +10.32) e, } %

(Vo) =16.1{e,} I/

{V,} =(~[7.906]sin (43.49) +[15]sin (46.51)){e, } T/
{v,} =(~5.441+10.88){e,} ’%

{v,} =5.44{e fy

So full vector in Polar:

(v = {vaf +{vo)

(v} =16.1{e.} +5.44{e,} 1/

Matches exactly the answer with other approach! So

(v} =16.1{e.} +5.44{e,} 1/

Again, answer is only complete because we have clearly defined and drawn the unit vector
directions for Polar coordinates previously.

Check — compute the speed:
speed = | (v}] =y (ve ) +(v, )" =(16.1)° +(5.44)° =B/
[tv}]=16.96 1/

Matches our previous answer.

Graphically, we can see the components:
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0 ) =5.44 {eg) ft/s
73 PO SRS R . . AN
5 5 : . = 16.1 {ey} ft/s
a .
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s . SR .
| R A |
I S— S R (S A— R
! L Ve : :
A 7
N : - i
3 U S N
e - ! : :
- , - :
- N ' '
..“Z.-""'\N}:-I-}H-l-‘}” i
|:| T T T T T
n ] 10 15 A 2 an
Kt

Velocity vector in Path: We want to express the SAME velocity vector {v} but in a different
coordinate system. So need locate Path coordinates — which we have NOT done in Part (a).
/

(v } =15 {j} ft/s /

3
i i i i v
N SO SUSSUS R R AT
® : 5 B O™ MG I
E E L v =T7.906 i} ft/s
G o T Vo [ A A
! ! ! 7 !
- : : : /) :
Rl T3 S jeeeomomanas I L ¥4 3o O
- . : . e .
: : L 1y :
1 1 ! i | !
1} SR R S VA — R
- - s -
S i !
: L i /Slope = ‘Tangent Difection
I (it bt Sl Mt
o '
! - ! ! !
IR i
1} e T i T i T T
0 5 1 15 20 > a0
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Two ways to locate Tangential direction in Path:

1. Determining the slope/tangent to the curve. Requires that we have a path equation (y as a
function of x)

2. Utilizing the fact that the velocity vector lies exactly in the tangential direction

We are given the path equation. However, we also DO know the velocity vector. So for this problem,
either approach will work to determine PATH coordinates.

Looking at the velocity vector together with the unit vectors for Path:

1. Determining the slope to the curve: Our Path equation is:
2

X
y= oY ft
To find slope, take derivative with respect to x:
d d [ x? Note: derivative with respect to x is NOT the same as with
dx y dx {25j respect to time. So Gy
y2X_ X o dt
25 125 y’ =Y

Evaluating the slope at the point when t = 1.5 seconds, we use the value of x at that time.

X =~/375t =/375*1.5
X =23.72 ft

Substituting into slope equation:

. 2372 i
y'="S o =1.897 /ft

Using that information to find £ (angle between positive x and tangent direction):

tan S = (d—y = y'j
dx

tan f =1.897
P=622°

2. Velocity vector lies exactly in the tangential direction:
Determine angle between {v} and x-dir:

Ml _ 15
v,| 7.906
[ =tan”' (1.897)
B=622

tan f =
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Both approaches give us the same information. For some problems, you may only have
one possible approach for which you have enough information.

We now can express the velocity vector in Path. Again, two approaches:

1. Velocity vector lies exactly in the tangential direction: So we have a vector of length equal
to the speed and exactly along T direction:

speed = H{V}H =16.96 f%

(v} =16.96{e, } 11/

2. Tackling individual vector components {v,} and {v,} and adding their contributions:

Two different ways to draw: (a) oriented with x and y as in original picture, or (b)
oriented so your NEW axes lie in horizontal and vertical directions.

g = 15 {j} ft/
{v,} = 15 {j} ft/s AT =15

| 22 5 {er}
f=62.2°
ivx} = 7.906 {i} ft/s
{v,} = 7.906 {i} ft/s N
Option (a) Option (b)

Since the x and y directions (and therefore components) are perpendicular to one another,
we can determine the angles:

a+f=90 & [=62.2°
a=90"—62.2°
a=278

Both {v} and {vy} vectors will contribute (have components) along the T and N
directions. So:
B)#|fw Heos(a) e

VT}:(H{V
=(~Hvdlsin(e)+ v, Hsm e

Note: these equation depends on the geometry of the problem. Draw the figure!!
Substituting values:
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{V; } =(]7.906|cos (62.2) +[15]cos (27.8)){e; } %
{vr } =(3.687+13.67) fe; } 1/
fur}=16.96{e } 11/

{vy } =(~]7.906]sin (62.2)+|15]sin (27.8)){e, } %
vy} =(-6.99+6.99){e,} %

{v}=0{ey} %

Combining:

(Vh={w}+{v,} =16.96{e,} B/ +0{e,} I/

(v} =16.96{e, } 11/

Both approaches give us the same answer in Path coordinates. So the velocity vector is:

(v} =16.96{e, } 1/

£
£
s
- v} = !6.96 {e'r}, ft/s /
: EK’ 5
—_ 1 WKy :
e L s omennene bommennenas boroneooes A e
= ! S :
: . N
10 //;;f"-”-‘ ___________________
' ' ;i '
| s S .
: b i “Slope = Tangent Didection
: i
! -
T
D - i T T T T
0 5 10 15 20 2% 1

K[t
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Part (d)
Required: The acceleration vector of the kite. Express that vector in Cartesian, Polar, and Path
coordinates

Solution: Choose a coordinate system to start. As with position, Cartesian will be easiest since have x
and y as functions of time.

We know velocity vector is:

Acceleration vector in Cartesian: By definition:

tap=x(){i}+y(t){}

Need to take derivatives of X and Y as functions of time.
o d o d(1875 g
X=—(X)=—

i) = (\/375t j v

-9 AR
x_dt(187.5(375t) b4

. d
c=187.5( 2L ) (3750 % (375 o
x_187.5( 5 j(375t) (375)%. .

X = (~35156.2)(375t) 2
L 351562
(375t)"

Evaluating at t = 1.5sec

-35156.2  -35156.2

(375%1.5)%  (562.5)

~35156.2
).(. _ 2200 = 0 ft
13340.86 y AZ

= _ ft
X =—2.635 AZ

Substituting values, the acceleration vector at t = 1.5 s is then:

(a) =—2.635{i}+0{j}%z

Graphically:
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Though not asked, lets determine magnitude of {a} as that will be the same in all 3
coordinate systems. This will let us know if we make a mistake along the way.

ol e (o, = 2368y +(0

o =265,

Acceleration vector in Polar: We want to express the SAME acceleration vector {a} but in a different

coordinate system. So need locate Polar coordinates — which we have done in Part (a).

In order to express the vector {a} in Polar, we need to find the component directions of {a} along
{er} and {ep}. We can do this the same 2 ways as for velocity — but since the full acceleration vector

lies along the x-direction, they are identical approaches.

So looking at the figure with the acceleration vector and unit vectors for Polar, we can determine the
geometry needed.
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{a} =-2.365 {i} ft/s® ~Q_ 447

{a} = -2.365 {i} ft/s? X

So solving for the components in Polar:

= (lfaeos(6)) e}
:(—|—2.365|cos 43.49)) (e} Y/,

=-1.716{e.} 1/
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2} =({alsin(9))fe,)
= (|-2.365/sin (43.49)){e,} 1/,

=1.628(e,} /.
Combining components to express acceleration vector in Polar:
{a) ={a}+{a}
{a} =-1.716{e.} +1.628{e,} 1/,

Particle Kinematics Barroso

¥ [f)

Check magnitude of acceleration:
l{a}|=+(a:) +(a,)"
H H —\/ -1 716 1 628)2 fy Checks! Matches magnitude found earlier.

l(a) H=2.365%2
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Acceleration vector in Path: We want to express the SAME acceleration vector {a} but in a different
coordinate system. So need locate Path coordinates — which we have done in Part (c).

a0

251
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Determining components:

F=(-lfalleos(8)) e} B/
b= (tailsin(2)) e} 57

Substituting values:

{ar} = (~|-2:365]cos (62.2') e } ¥/, {an} =(|-2.365]sin(62.2°) ey } 17
=-1.103{e, } %2 =2.092{e, | %2
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Note that the tangential component of acceleration is positive. This ALWAY'S must be true given our
definition of Path Coordinates. Combining the components:

{a} ={a;}+{ay}
{a} =-1.103{e, } +2.092{eN}%2

Check magnitude:

b=t )"y
J{a|=+(a )" +(av)
J{a}]=(-1.103)" + (2.092)" &/,
] -23651/,

Checks! Matches magnitude found earlier
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Problem 1: The position of the slider pin P in the rotating slotted arm OA is controlled by a power

screw as shown. At the instant represented, § = 30° 0 =3 rad/s, 6 =-20 rad/s’, r=200 mm, 7 =-300
mm/s, and ¥ =0.

Tasks:

(a) For this instant and determine the velocity and acceleration vectors of P in the Polar Coordinate
System. You must express your answer in vector format using unit vectors appropriate for Polar
coordinates.

(b) Find the velocity vector components to Cartesian and Path Coordinates

You MUST draw the unit vectors for all three coordinate systems. Clearly indicate on the drawing the
angle you will be using to transform from one coordinate system to another.

Solution:
(@)

7 =200 mm 0=30° v
Polar Information: 7 =-300 mm/s 0 =8 rad/s

f= 0mms’ 6 =-20 rad/s’

For r- 6§ components:

v, F -300 v, =300
=< .= = = mm/s
v, re 200*8 v, 1600
Velocity in vector form: {v} =-300{e,} +1600{e,} mm/s

a, i—r0? 0-200*8° a| [-12800 ,
=1 . = = = mm/s
a,)  |r@+2/0] |200%(=20)+2*(-300)*8 a, ~8800

Acceleration in vector form: {a} =-12800{e, } —-8800{e,} mm/s*
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(b) Magnitude of Velocity Components in Cartesian and Path:

Transformation from Polar to Cartesian: clockwise through angle 6.
Vy cos30 —sin30|[-300 Vy —-1060
= = = mm/s
vy sin30  cos30 || 1600 vy 1236

Transformation from Cartesian to Path: Counter-clockwise rotation through angle § (which is greater
than 90° in this case)

Need to find direction of velocity relative to positive X-axis, i.e. need to find 5. My approach: find angle
between positive tangential direction and negative x-asis, S’

B =tan™ ( Y J

V.X
1236
1060

=49.38°

To get S, need to subtract from 180 degrees:
p=180-p
L =130.6°

Transforming:

v, cos130.6  sin130.6 | [-1060 v, 1628.3
v, —sinl130.6 cos130.6 || 1236 v, 0






